We prove some general results about the Iwasawa invariants \ and u of the 4pth cyclotomic field (p an odd prime), and determine the values of these 4 --invariants for p < 10 . The properties of A. and u are closely connected with the ¿i-irregularity (i.e. the irregularity with respect to the Euler numbers) of p.
1. Introduction. Let p be an odd prime. For a natural number m prime to p, consider the p-class groups of the cyclotomic fields Kn of mpn+lth roots of unity (n -0, 1,. . . ). For all sufficiently large n, the orders of these groups equal peŵ ith e(n) = Xrc + pp" + v, where X = X and p = pm are nonnegative integers that (as well as v) do not depend on n. The same holds true when Kn is replaced by its maximal real subfield; let us denote then the corresponding invariants by X+ and p+. Put À = X-+ X+, p = pT + p+. Then the invariants X-= X~ and p~~ = /uã re related to the exact power of p dividing the first factor h~ of the class number of*".
Iwasawa [10] has conjectured that p = 0 for every choice of m. This has been proved only for p = 3 [5] . Note that X+ < X-, p+ < p~ (see e.g. [5, p. 63] ) so that the results X = 0 and p = 0 are implied by X-= 0 and p~ = 0, respectively. We also know that X-= p~~ = 0 if and only if p does not divide h~\ /h^ (see [9, p. 95 ],
where X-and p~~ axe denoted by X and u).
Suppose that m = 1. Then the condition X~ = p~ = 0 is also equivalent to the fact that p is a regular prime [9, p. 96] , i.e. p^h~ü or, equivalently, p does not divide the numerator of any of the Bernoulli numbers B2, B4, . . . , B 3. For irregular primes p, the invariants X~ and p~ (and X , ju ) have been determined with the help of computers up top < 125,000 [11] , [14] , [23] . It has turned out that pp = 0 for all these p.
In this paper we shall be concerned with the case m = 4. Although this case is rather similar to the case m = 1, some new features appear. We shall prove that p4 = pZ if p is E-regular, i.e. p does not divide any of the Euler numbers E2, E4,
• • • , Ep_3-Furthermore, using results obtained by computer, we shall show that p4 = 0 for every prime p < 104, and determine the value of X^ for these p.
We note that the connection between the ¿"-regularity of p and the divisibility by p of the class number of the 4pth cyclotomic field was discovered by Gut [7] (see also [21] ). Gut [6] has also found that the ¿-regularity of p is connected with the solvability of the diophantine equation x2p + y2p = z2p.
The list of ¿-irregular primes produced by our computation procedure is also interesting in its own right. This list is included at the end of this paper and analyzed in Section 2. Among other things, it may be compared with the corresponding list of ordinary irregular primes (called B-irregular below). Section 2, together with Section 7 containing a report of the computations, is due to the first author, who also prepared the computer programs. Sections 3-6 concerning X4 and p~^ are work of the second author. We say that a prime p > 5 is E-irregular if there exists an even integer 2n such that 2 < 2m < p -3 and p divides E2n. We then say that (p, 2«) is an E-irregular pair. For each p, we call the number of such pairs the index of E-irregularity of p and denote it by iE. Carlitz [3] has proved that there are infinitely many ¿"-irregular primes. The first author [4] has shown that the number of the ¿-irregular primes P ±1 (mod 8) is infinite. It is not known whether there are infinitely many E-regular primes.
We used a computer to find all ¿-irregular pairs (p, 2n) with p < 104. The Gut [6] has proved that the condition ¿ 3 = E 5 s ¿ = ¿ = E x, = 0 (mod p) is necessary for the equation x2p + y2p = z2p (p\xyz) to be solvable.
Vandiver [22] has given a proof of the fact that if xp + yp = zp (p-[xyz) is satisfied, For each ¿-irregular pair (p, 2n) we also computed ¿2n mod p2. It appeared that E2n is never divisible by p2 for p < 104 (cf. [13] , [14] , [23] ).
Denote by irB(x), tie(x), and irBE(x) the number of those primes, not exceeding x, which are 5-irregular, ¿-irregular, and both B-and ¿-irregular, respectively. Siegel [20] predicted that the ratio tt b(x)/tx(x) approaches the limit 1 -e'1^2 = 0.3934 . . . as x -*• «x». This result can be obtained by assuming that the numerators of the Bernoulli numbers B2, B4, . . . , Bp_3 axe randomly distributed mod p. The same hypothesis on the Euler numbers ¿2, E4, . . . , ¿p_3 leads to the conjecture that tte(x)/tt(x) -> 1 -e-x>2 and n BE(x)lit(x) -*■ 1 -2e"1/2 + e_1 = 0.1548 ... as x -> oo. The information obtained from our computations seems to support these hypotheses, as is seen from the following As in the case of 5-irregular primes, one is also led to the conjecture that the ¿-irregular primes with index k satisfy the Poisson distribution rke-i/fc! with t = lA. Section 6].
Denote by Z the ring of p-adic integers. For a rational integer a prime to p, let io(a) E Z be the p-adic limit of the sequence {ap }. Then (3) u(a) = ap" (mod p" + 1Zp)
for all n > 0, and co can be viewed, in a natural way, as a Dirichlet character that generates the character group mod p.
For each n > 0, let on(a) denote the residue class mod 4p"+1 determined by the integer a, and put r"= {0»lfl = l (mod4p)},
A" = {on(a) I a odd and a""1 = 1 (mod p" + 1)}.
It is easy to verify that the multiplicative residue class group mod 4p"+1 is the direct product of its subgroups Fn and A". Denote by An the set of integers a with (6) \p = \ + Z *(X), P4p = Hp + Z M(X)-
To obtain information about X(x) and p(x) we have to investigate the divisibility by p of the coefficients a0, ax, . . . of f(x; x). For this purpose we need a relationship between f(x; x) and the generalized Bernoulli numbers (for the definition of these, see,e.g. [9, p. 9] ). Indeed, for n > 1 and x^Iwe have
where Bn(\jj) denotes the nth generalized Bernoulli number belonging to the character \p [9, p. 78 ]. Below we shall employ this formula for n = 1 and n = 2 only; then it will be useful to know that for all n > 0 and all cn.
Let a E An with 1 < a < 2p"+1. Then it is seen that a E An(cn) if and only where the sums are extended over those numbers a EAn(cn) for which 1 < a < 2p"+1. The last sum consists of p -1 terms 8(a) = ±1. Being divisible by p, it must therefore vanish. Consequently, £" = 0 for all n > 0. This in turn implies that ? = 0, and so /(x; 0co) = 0, which is a contradiction. 
Theorem 3. Let p = 1 (mod 4). Then X(0cj) > 1 if and only if the Euler number E x is divisible by p2.
Proof. Since in this case /(x; 0co) = axx + a2x2 + . . . and p(0co) = 0, the condition X(0co) > 1 is equivalent to p I ax. Put a = (1 + 4p)_1 -1 = -4p(l + 4p)_1. Equation (7) gives, for n = 2, the relation 4/(a;0co) = -B2(6oT1).
Accordingly, p | ax if and only if B2(BoTl) = 0 (mod p2Zp).
We shall show that (10) A2(0co-1)=¿p_1 (mod p2Zp);
by the above this proves the theorem. Using (9), we obtain
The last sum here vanishes, as 0(2p -a) -9(a) and co(2p -a) = -co(a). By (2) and (3) we, therefore, see that (10) is equivalent to 2p Z 9(a)(cJ-l(a)a + G)(a)a~l) s 0 (mod p2Zp).
0=1
The validity of this congruence follows from the identity License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 2p Z 6(a)oJ-l(a)a(l~co(a)a-1)2=0 (mod p2Z ) 0=1 p on noting that p = 1 (mod 4) implies ¿Z2fLx9(a) = 0. Hence, our theorem is proved.
Note that for p = 1 (mod 4), E x is always divisible by p. This can be seen either from the preceding proof or, of course, directly from (2). -On checking by computer all primes p less than 104 and congruent to 1 (mod 4), we found that ¿ j was never divisible by p2. Hence, we have the result: if p = 1 (mod 4), then X(0w) = 1 whenever p < 104.
5. The Remaining Cases. In the following the statement m#0 will mean that m is even and 2 < m < p -3, so that the character x = 0com + 1 belongs to X and is different from 0co. It should be noted that the considerations in this section (as well as above in the proof of Theorem 3) are partly similar to those presented in [17, Section 6] , where the case of the pth cyclotomic field was discussed. 
This yields 2r> and so the assertion (11) follows by virtue of (2).
Our computer search indicates that (11) does not hold for any ¿-irregular pair (p, m) with p < 104. Consequently, X(0com + 1) = 1 and p(9com + 1) = 0 whenever m =£ 0 and the pair (p, m) is E-irregular with p < 104.
An inspection of the preceding proof shows that one can prove even more, namely that p | ax is equivalent to (11) . Put Kr(2n)=t(-iy(r)E2n + i(p:x) (, = 0,1,...).
f=o Vi/ Then (11) can be written as Kx(m) = 0 (mod p2). By Kummer's congruences [18, Chapter XIV], Kr(2n) = 0 (mod pr) for 2« > r, so that the preceding congruence is always true mod p.
If (11) primes less than 125,000 (see [14] , [23]).
7. The Computations. All the computations were performed on the UNIVAC 1108 computer at the University of Turku, and they took about 26 hours. Only integers and vectors consisting of integer components were used, and so the possibility of round-off errors was avoided. We used the following criterion in order to find out the ¿-irregular pairs (p, 2n).
The powers of integers needed here were calculated by the aid of a primitive root g , which was computed first (the values of g were checked from a table). Theorem 6. A necessary and sufficient condition for (p, 2ri) to be an Eirregular pair is that This proves the theorem.
For each ¿-irregular pair (p, 2m) we computed¿2"/p modp and (¿2"+p_i ~E2n)/p mod p on the basis of the congruence (2) . Similarly, this congruence was employed to compute E x/p mod p for each p = 1 (mod 4). To write (2) in a more suitable form, observe first that the Fermât quotient of an integer u prime to p is defined as the least nonnegative integer qu satisfying the congruence up~l = 1 + qup (mod p2). It is easy to verify that q2p_u -Qu + 2wp_2 (mod p). Hence (2) yields the following congruences which were actually used in the computations:
E2n/p = 2p-1 ¿ (-l)*+»(2* -l)2" -4n Z (-1)*+1(2* -l)2""1 (mod p), k=l k=l (E2n+P-i -E2n)/P =-2 Z (-0*+1 i(2fc -l)2"fl2fc-i + (2* -1)2""1 } (mod P).
fc=l £p-i/P = 2 Z (-0fc+ ' {i2fc_! + (2* -If"2 } (mod p) (for p = 1 (mod 4)).
fc=i As a check, we computed the value mod p of the expression 5 = -6 Z (2k-\fq2k_l. [1] , [2] showed that in these cases q2 is incorrectly given in [8] . We note that there can be more errors in [8] (extended up to the prime 10 009), for we checked only the primes (< 104) which are either congruent to 1 (mod 4) or ¿-irregular. A table including all the results of our computations has been deposited in the UMT file.
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